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Abstract: We prove the existence of small amplitude periodic solutions, with strongly irrational 
frequency lo close to one, for completely resonant nonlinear wave equations. We provide multiplicity 
results for both monotone and nonmonotone nonlinearities. For uj close to one we prove the existence 
of a large number of 27r/a;-periodic in time solutions ui,..., Un, ■ . ■, un'- > +oo as a; ^ 1. The 

minimal period of the n-th solution Un is proved to be ^'KjnLo. The proofs are based on a Lyapunov- 
Schmidt reduction and variational arguments. IH 
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1 Introduction 

In this paper we look for periodic solutions of the completely resonant nonlinear wave equation 

/ ^xx T f (^) d: 11 1 1 

\u{t,0) = u(t,TT) = 0. ^ ' 

The wave equation is said completely resonant if /(O) = f'{0) = 0. Precisely, we assume that the 
nonlinearity / belongs to C’’(R, R), for some large r, and satisfies 

• (FI) /(O) = /'(O) = ... = = 0, f^^\0) := apl ^ 0 for some p G N, p > 2. 

Equation ( 0 ) can be viewed as an infinite dimensional Hamiltonian system with Hamiltonian 

/■’" 

H{u,p):=J dxy + -^+F(w) ( 1 . 2 ) 

where F{u) is a primitive of /. 

Eor finite dimensional Hamiltonian systems existence of periodic orbits has been widely investigated 
starting from the pioneering work of Poincare ||^ . The first result on the existence of periodic orbits 
close to an elliptic equilibrium is the well-known Lyapunov Center Theorem, see [^. Assume that a 
Hamiltonian vector field possesses at 0 an elliptic equilibrium and let be the frequencies of 

the linear oscillations close to 0. Lyapunov’s Theorem states that, if one frequency, say Ui, is non resonant 
with the other ones, i.e. tOil — Uj ^0, yi G N, j ^ i, then the periodic solutions of frequency tUi of the 
linearized system at 0 can be continued into small amplitude periodic solutions of the non-linear system 
with frequencies uj close to Ui. This result is proved using bifurcation theory (see for example 0, pag 145 
and follows) which can be applied thanks to the previous non-resonance condition, yielding the existence 
of smooth families of periodic solutions. 

The existence of periodic orbits close to an elliptic equibrium whose linear frequencies 
are possibly resonant, but only at an order greater than 4, i.e. 7 ^ 0, VO < |A:| = \^j\ — 

has been later proved in the famous Birkhoof-Lewis Theorem [^, see also The proof is based on a 
normal form argument, an Implicit Eunction Theorem and variational arguments. 

^Supported by M.U.R.S.T. Variational Methods and Nonlinear Differential Equations. 



Existence of small amplitude periodic solutions of Hamiltonian systems with a finite number of degrees 
of freedom, in case of general resonances between the linear frequencies, has been proved much later in 
the celebrated Weinstein Theorem Q (see also and |^). The Weinstein Theorem ensures, that, if 
the Hamiltonian H possesses at 0 a non-degenerate minimum, then, on each small energy level, there 
exist at least n periodic orbits geometrically distinct. This Theorem is proved through a Lyapunov- 
Schmidt reduction: one first partially solves the above problem by the techniques of bifurcation theory 
and then restricts the action functional to the pseudo-solutions so obtained. It turns out that the 
restricted functional is defined on a manifold homeomorphic tea and admits, for topological 

reasons, at least n distinct critical points giving rise to periodic solutions of the system. In general such 
periodic solutions will be no more organized into smooth families. Existence of periodic orbits with hxed 
period close to an elliptic resonant equilibrium have been later proved by Fadell and Rabinowitz in |l^ . 
The result of |l^ is still based on a Lyapunov-Schmidt reduction together with a cohomological index 
to estimate the number of critical points of a reduced action functional (and hence of small amplitude 
periodic solutions with fixed period). No information on the minimal periods of these solutions is given. 


It is natural to try to extend such type of results to Hamiltonian PDE’s as the wave equation, 
the plate equation, the nonlinear Schrodinger equation, etc... . The main difficulty in carrying over 
this program is the fact that, in infinite dimensional systems, “small denominator problems” appear, 
whereas in finite dimensional systems “small denominators” appear only in the construction of quasi- 
periodic solutions. This is simply explained as follows. The frequencies of the linear oscillations 

close to the equilibrium typically grow as u)j « for some d > 0 and then the sequence {wd — ujj}, 
Z G N, j e N, j i, accumulates to 0. 

Despite this difficulty, Kuksin and Wayne were able to find, extending in a suitable way 
KAM techniques, periodic (and even quasi-periodic) solutions in some Hamiltonian PDE’s in one spatial 
dimension under Dirichlet boundary conditions. As usual in KAM-type results, the periods of such 
persistent solutions satisfy a strong irrationality condition, as the classical Diophantine condition, so that 
these orbits exist only on energy levels belonging to some Cantor set of positive measure; see for example 
PH for a complete and updated exposition of the KAM approach. The main limitation of this method 
is the fact that standard KAM-techniques require the linear frequencies coj to be well separated (non 
resonance between the linear frequencies). 

To overcome such difficulty a new method for proving the existence of small amplitude periodic 
solutions, based on the Lyapunov-Schmidt reduction, has been developed in [p^ . Rather than attempting 
to make a series of canonical transformations which bring the Hamiltonian into some normal form, the 
solution is constructed directly. Making the ansatz that a periodic solution exists one writes this solution 
as a Fourier series and substitutes that series into the partial differential equation. In this way one is 
reduced to solve two equations: the so called (P) equation, which is infinite dimensional, where small 
denominators appear, and the hnite dimensional (Q) equation, which corresponds to resonances. Due to 
the presence of small divisors the (P) equation is solved by a Nash-Moser Implicit Function Theorem. 
Later on, this method has been improved by Bourgain to show the persistence of periodic solutions in 
higher spatial dimensions flH and of quasi-periodic solutions in Hamiltonian perturbations of 2D linear 
Schrodinger equations Q. 

A simple proof of the Lyapunov center Theorem in PDE’s, still based on the Lyapunov Schmidt 
procedure, has been given more recently in [^, where, making use of a non-resonance condition on the 
frequency stronger than the classical Diophantine one, the (P) equation is solved by means of the standard 
Contraction Mapping Theorem. Apart its simplicity, has also the advantage of avoiding some further 
condition present in |^. Other related results on the existence of periodic solutions in nonlinear plate 
equations in higher dimension have been given in ^ . 

We remark that in all the previous cases the (Q) equation is still hnite dimensional since one handles 
cases with only a hnite number of resonances among the linear frequencies. 

The hrst results on the existence of small amplitude periodic solutions for some completely resonant 
PDE’s as (1.1) have been given in |^, for the specihe nonlinearity f{u) = and in 0 when f(u) = u^-\- 
h.o.t.. One looks for small amplitude periodic solutions of (1.1) bifurcating from the inhnite dimensional 


^Here := {x G R | \x\ = 1}. 





linear space of solutions 

V ■■= ^Vtt - Vxx = 0, v(t, 0) = v{t, tt) = 0, v{t + 27r, a;) = w(<, x) |. 

Here the linear frequencies are = j G N. The approach of 0] is still based on the Lyapunov-Schmidt 
reduction. The (P) equation is solved, for the strongly irrational frequencies oj S fTy, where 


w:^ := jw G R \ujl - j\>j, yi ^ j'^, 


through the Contraction Mapping Theorem (it is proved in |Q that, for 0 < 7 < 1/3, the set is 
uncountable and accumulates to w = 1 both from the left and from the right). Next, the (Q) equation, 
infinite dim ensional, is solved by looking for non degenerate critical points of a suitable functional (see 
remark [l.l| ) and continuing them, by means of the Implicit Function Theorem, into families of periodic 
solutions of the nonlinear equation. Clearly the main difficulty in applying this method is to check 
that the fore mentioned non-degeneracy condition holds. This is verified in for the particular case 
/(O) = f'{0) — f"{0) = 0 and / (0) 7 ^ 0 for which informations of the minimal periods of the solutions 
are also given. 

The aim of the present paper is to prove, assuming only that the nonlinearity / satisfies (PI), the 
existence of a large number of small amplitude periodic solutions of ( 0 ) with hxed period, see Theorems 
4.1, 4.2, 4.3, 4.4. Roughly, we show that equation ( |l.l| ) has a large number of 27r/a; periodic solutions 
Ml,..., M„,.. ■, uat, where l{uj — 1) ^ -boo as w ^ 1, for some r G [1,2]. We expect the 

num ber of small amplitude periodic solutions of frequency uj to be in general 0 (-\/l/(tu — 1 )), see remark 
4.5. We also prove that the minimal period of the n-th periodic solution is 2tt jnu). 

These Theorems can also be considered a generalization of the resu lts of (which hold for finite 
dimensional Hamiltonian systems) for the nonlinear wave equation ( 0 ) satisfying (PI). 

Theorems 4.1, 4.2, 4.3 and 4.4 are proved using the Lyapunov-Schmidt procedure which leads to solve 
the equations (P) and (Q). We overcome the small denominator problem arising in the (P) equation, 
by imposing on the frequency lo the same strong irrationality condition as in 0. On the contrary, the 
infinite dimensional (Q) equation is solved by means of a variational principle which provides periodic 
solutions of (1.1) with hxed frequency: this is the main novelty of our approach with respect to [^. This 
variational principle is inspired by the perturbation method in critical point theory introduced in [Q-|^]. 
With respect to these last two papers, the new feature of our approach is the presence of an inhnite 
dimensional {Q) equation. 

Let us give a more precise outiline of our arguments. Critical points of the action functional 'I'(u) := 
dx {upI2)ul — (1/2)m^ — F{u) dehned in a suitable space of functions 27r periodic in time and 
vanishing at x = 0 and x = tt are (weak) solutions of our problem. First, for any v G V, we hnd as in |^], 
a unique w{v) G V-^, w{v) = ^||?;|p), which solves the (P) equation. Then, according to the variational 
procedure of [|p-[H, see also [|^, all the critical points of the action functional dt close to the origin can 
be obtained as critical points of the reduced action functional $( 11 ) := 'if{v + w{v)), dehned on the linear 
space V by 


Cdtf^ 


$(?;) := ^e{v) = -||u| 


^277 PTr ^ 

/ dt dx F{v + w{v)) ——f{v +'w{v))w{v) where 
Jo Jo 2 


- 1 


e := 


see lemma 2.4 and remark 2.1. By (FI), $£ possesses a local minimum at the origin. To show that 
<!>£ satishes the geometrical hypotheses of the Mountain Pass Theorem the nonlinearity / plays its 
role. Here we have to make a different study whether the hrst term in the Taylor expansion at 0 of the 
nonlinearity f{u) = au^ + h.o.t. is an odd power of u, or an even power of u. In the hrst case one has 
that 

e ,, , ,9 a 


r2Tr 




-b h.o.t. 


2 P + ^ Jo Jo 

and hence $£ (or — ^e) satishes the mountain pass geometry provided that sign e=sign a. In other words, 
when a > 0 (resp. a < 0 ) we will hnd solutions for uj > 1 (resp. tu < 1 ) and the bifurcation is supercritical 
(subcritical). 
























The second case {p even) is more difficult since Jg = 0 and then one must look more carefully 
in the expansion of We point out that this difficulty is similar to the one arising in the Yamabe 
problem, see in i-0> where the first order expansion term in the corresponding reduced functional 
identically vanishes and one needs a sharper analysis for finding its critical points. Let us consider for 
simplicity f(u) = with p even. Then it is possible to show that 




|2 _ “ / yPL-^yP+ h.O.t. 

2 Jn 


where z := L 
formulas 
,vPL-^ 


^yP is a solution of Ztt — 


= yP, z{t, 0) = z{t, tt) = 0, which is 2-k periodic in time, see 
|)-(4.10). Now our existence proof requires a careful study of the nonquadratic term (—a^/2) 

:ular, we show in lemma O that (—a^/2) vPL~^vP > 0, 

and this implies that —satisfies the Mountain pass geometry for e < 0, i.e. w < 1. 

Next, we prove that the Palais-Smale sequences at the mountain pass critical level converge to a 
critical point which lies inside the domain of definition of the functional (where the Lyapunov-Schmidt 
reduction is defined) provided |e| is small enough, i.e. uj is sufficiently close to 1. This is done by means 
of suitable estimates on the mountain pass critical level. 

Furthermore, in order to find multiple critical points of $£, we do not use Ljusternik-Schnirelmann 
theory as for the symmetric Mountain pass Theorem [|| (remark that is even). Instead, we look 
for “local” mountain-pass critical points of <&£ restricted to the subspaces Vn C V consisting by the 
functions of V which are 27r/n-periodic w.r.t. time. Since each Vn is invariant for the gradient flow of 
$£, any critical point of ^s\Vn i® ^ critical point of on the whole V. This method also provides precise 
info rmations on the minimal periods, on the norm and on the energies of the solutions, see also remark 
4.4. It also follows that, as the frequency ui tends to 1, the number of small amplitude solutions we find 
increases to -l-oo. 

Let us further point out that the preceding arguments would also improve the results of for finite 
dimensional Hamiltonian systems, giving informations on the minimal periods of the solutions. 

Finally we prove that the weak solutions found are indeed classical solutions of ©■ 


We underline that our results do not require any monotonicity assumption on the nonlinearity. The 
major difficulty outlined above for proving the existence of periodic solutions when the first term in the 
Taylor expansion of the nonlinearity / is an even power of u reflects an intrinsic difficulty of the problem 
and it is encountered by all the known methods when dealing with non monotone nonlinearities. Up 
to our knowledge the only existence result (in any case quite different in nature from ours) for periodic 
solutions without the assumption of monotonicity of the nonlinearity is given in [l^ where the existence 
of one, not small, periodic solution with rational frequency and symmetry properties, is proved through 
global variational techniques. 


Before concluding this introduction we would like to mention that the first breakthrough in the study 
of bifurcation of periodic solutions for nonlinear wave equations was the work of Rabinowitz (see also 
fl^ ) where the existence of forced periodic solutions under a monotonicity assumption on the nonlinearity 
is proved. For a global bifurcation result see [^. Moreover, large free vibrations have been found by 
Rabinowitz in (see also |^) using global variational methods. Both in and ||^ the nonlinearity 
is assumed to be (superquardatic and) monotone. In these papers the period of the solutions of (0) is a 
rational multiple of tt. Actually this condition introduces in the problem strong compactness properties, 
while in the case of irrational periods, “small-denominator phenomenona”, similar to the ones described 
above, would appear into the proof. 


The paper is organized as follows. In section 2 we perform the Lyapunov-Schmidt reduction and we 
define the variational formulation. In section 3 we prove a general abstract result on existence of critical 
points. In section 4 we apply the former result to the nonlinear wave equations. In section 5 we prove 
the regularity of the solutions. 
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2 The variational setting 

We look for periodic solutions of (O) with frequency llJ as u{t,x) = q{ujt,x), where q{-,x) is 27r periodic. 
We are then led to solve the problem (still denoting q = u) 

uj'^utt - Uxx + f{u) = 0, u(t,0) = u(t,TT) = 0, u(t + 2TT,x) =u(t,x). (2.1) 

We will look for solutions of & u : n ^ R where := R/27rZ x (0, tt), in the following Banach space 

V := S R) n L°“(0, R) | u(t, 0) = u{t, tt) = 0, u{—t, x) = u{t, a;)| 


endowed, for oj S [ 1 / 2 ,3/2] , w ^ 1 , with the norm 

\u\oj ■■= luloo + \0J- l|^/^||u||/^l. 


( 2 . 2 ) 


Note that we can restrict to the space X of functions even in time because equation (1.1) is reversible. 
Any u G X can be developed in Fourier series as 

u{t,x) = uij cos It sin jx, 


and its norm and scalar product are written as 


|2 

Iffi 




dx u1 + 




{u,w) 


/ dt dx UtWt + UxWx 

Jn 


2 




Vti, w G X. 


(2.3) 


We will also denote with |u|j ;,2 := (f^ = (7r/-\/2)(X]i>o j>i L^-norm of u S and with 

{u,w)l 2 := JqUW the L^-scalar product. 

We need the following preliminary lemma proved in the Appendix. 


Lemma 2.1 The Nemitski operator u —*■ f{u) is well defined and on X. Its differential at u is given 
by h ^ Df{u)[h] = f'{u)h. Moreover there is po > 0 and positive constants Ci,C 2 , depending only on 
f, such that, \/u G X with jwltj < po, 

|/(w)U<Ci|u|^-VU<C'i|u|P, (2.4) 

\nu)h\^ < c2\u\p^^\uUh\^ < ( 2 . 5 ) 


The solutions in Rq (O, R) of the linear equation vu — Vxx = 0 that are even in time are the elements 


of 


V := |u(t, a;) = ^ 0 cos(jt) sin ja; G R, ^ < +oo|. 

j>i l>i 

The space V can be also written as 

V := |u(t, x) = r]{t + x) — q{t — x) r]{-) G H^{T), rj odd| 


where T := R/27rZ is the one dimensional torus and r]{s) = sin(js). Note that {p) := 

(l/27r) p{s) ds = 0. 

V, endowed with the iJ^-norm || ||, is a Hilbert space, continuously embedded in X, since, for 
v = cos(jt) sm(jx) G V, we have |r!|oo < IGI — C'||r’|| by the Cauchy-Schwarz inequality. 

Moreover the embedding (H, || • ||) ^ (H, | • joo) is compact. 





In order to get multiplicity results we will consider in the sequel the subspaces of V 


Vn:=<v€V 


Stt ') 

IS-periodic w.r.t. t>, 

n J 


for n > 1. For v = ri(x + i) — r]{x — t) G V and any n G N we define 

{Cnv){t, x) := y(n(t + x)) - rj(n(t - x)). 


( 2 . 6 ) 


It is immediately realized that 

Vn = CnV = a;) = r]{n{x + t)) - r]{n{x - t)) ■q{-) G ■q{-) oddj. 

We next consider the Lagrangian action functional : X ^ R defined by 

I 


nZ'K nT\ 

:= dt 
Jo Jo 


dx 


UJ 


-u^. — -u. 


-F{u) 


(2.7) 


where F(-) is the primitive of / such that F{0) = 0, i.e. F{u) = Jq f{s) ds. It is easy to see that 
d' G {X, R) and that 


p'2'K p'k 

D'^{u)[h]= / dt dx uj'^utht — Uxhx — f{u)h, V/i G X. 

Jo Jo 


( 2 . 8 ) 


Critical points of 'I' are weak solutions of ( j2.lD . 

In order to find critical points of 'k we perform a Lyapunov-Schmidt reduction. The space X can be 
decomposed as X = V (BW where 

W := G X (w, v )£2 =0, VuGy| = | ^ wij cos{lt) sin jx G X Wjj = 0 Vj > l|. 

;>0j>i 


In fact, if M = ^ uij cos{lt) sin(ja;) G X, then the norm of Ily (u) := cos(jt) sin(ja;) is finite, so 

that ny(M) G X. As a consequence niy(M) := u — ny(u) G X. Moreover the projectors Ily : X ^ V 
and Iliy : X ^ W are continuous. W is also the iJ^-orthogonal of V in X. Note that if n = Ilyu has 
minimal period w.r.t time 27r then also u has minimal period w.r.t. time 27r. 

Setting u := v + w with v G V and w G W, & is equivalent to the following system of two equations 
(called resp. the (Q) and the (P) equations) 

{Q) -uj‘^vtt + vxx = ^vfiv + w), 

(P) -LL!^Wtt+Wxx=^wfiv + w). 

Note that w solves the (P) equation (in a weak sense) iff it is a critical point of the restricted functional 
w ^ ^'(t! + ui) G R, i.e. if and only if 


p^TT pTT 

P4'(?; + ic))/!] = / dt dx co'^wtht — Wxhx — f{v + w)h = 0, Vh G W. 
Jo Jo 


(2.9) 


We will first solve the (P) equation in lemma |2.3| through the standard Contraction Mapping Principle, 
assuming that uj G W := U.y>oW 7 where Wy is the set of strongly non-resonant frequencies introduced 
in M 


IW := G R \iol-j\>j, 


( 2 . 10 ) 


As proved in remark [2.4] of |^, for 7 < 1/3, the set Wy is uncountable, has zero measure and accumulates 
to a; = 1 both from the left and fr om t he r ight . It is also easy to show that Wj = 0 for 7 > 1. 

The proofs of the next lemmas ^ and ^ are given in the Appendix. 









Lemma 2.2 For u G W-y, let us define 


- 1 


£ = 


(£ ^ w — 1 as w —> 1). 


Then the operator := —Lo^du + dxx ■ D{Luj) C W ^ W has a bounded inverse : W ^ W which 


writes 


L-Jh := ^ 




{uj'^P — p) 


cos{lt) sin(ja;) 


( 2 . 11 ) 


and satisfies, for a positive constant C3 independent of ^ and to, \LpIiwu\uj < (^3/7)1^11^ for u G X. 
Let L~^ :W^W be the inverse operator of —dtt + dxx- There exists C4 > 0 such that Vr, s G X 


j r[t,x)[jjP — L ^'^{Jlws{t,x)) dt dx 


< C4-\r\Ps\u,. 
7 


Moreover, Wr, s G X 

and finally. Vs G X, 


/ r{t,x)LP{Ilws{t,x)) dt dx <(74(1 + —'ll 
Jn V 7/ 

\LZ^^ws\l'^ < (74^1 + —^ |s|tj. 


( 2 . 12 ) 

(2.13) 

(2.14) 


Lemma 2.3 There exists p > 0 such that, \/v G Vp := {v G V \ \v\ffi~^p < p} there exists a unique 
w{v) G W with |w(w)|tj < solving the (P) equation. Moreover, for some positive constant C5, we 
have 


• i) k('y)U < C'sklS/v; k(w)|L2 < (75(1 + ^/e/-f)\v\l,; 

• ii) for all r G X, 


{w{v) - LjUwfiv)) r| < ^ (1 + ^) 


v\l^-^\rU 


• Hi) w{ — v){t, x) = w{v)(t + TT, TT — x); 

• iv) V G Vn => w{v) is 27r/n periodic w.r.t. t; 


• V 


) the map v w{v) is in C^{V, W). 


In order to solve the (Q) equation we consider the reduced Lagrangian action functional <i>e : Vp R 
defined by 

r27r ^2 ^ 

$e(u) := 4'(u + u>(n)) = y dt J dx —{vt + {w{v))t)^ --{vx + {w{v))x)'^ - F{v + w{v)). (2.15) 

By ( 2.15 ) and formula (^) with h = w(v) we can write the reduced action functional as 

r uj'^ 1 

<i)e(n) = / dt dx —Vi —^ — F{v + w{v)) F-f{v F w{v))w{v), (2-16) 

7n 2 2 2 

Since \vtW 2 = \vxW 2 = ||n||^i/2, we have 

$^( 1 ;) = + j dt dx ^f{v F w{v))w{v) — F{v F w{v)). 

2 2 


(2.17) 












Defining the linear operator 2 ■. X ^ X \yy {Xu){t, x) = u{t + tt, tt — cc) it results that oT = . Hence, 

by lemma |2.3|-Mi) and since —v = 2v, functional $£ is even: 


<i)e(—u) +w(—u)) = d>(X(u + u;(u))) ='l>(z; + ri;(u)) = $£(u), WvGVp, (2-18) 

By lemma 2.3-u) functional $£ is in C^(V, R). Arguing as in @]-(§l-@ we find that, \/h gV 


D^g{v)[h] = D'i>{v + w{v))[h] 


/ dt dx ui'^Vtht — Vxhx — f{v + w{v))h = e{v, h) 
JQ 


Hence the following lemma holds 


dt dx f{v + w{v))h. 

(2.19) 


Lemma 2.4 If v G V is a critical point of the reduced action functional $£ : Vp — > R then u = v + w{v) 
is a critical point o/ : X — > R. 


Remark 2.1 On the other hand it is possible to prove that any critical point u o/$g, sufficiently close 
to 0, can be written as u = v + w with w = w{v) G W,v G V and v is a critical point of 


3 An abstract result 


Let E he a Hilbert space with scalar product (•, •) and norm || • ||. We will denote H := {u G A | HuH < 1} 
the closed unit ball of E and S':={uGi?|||u|| = l} the unit sphere. 

Let us consider a functional $ : B^g C E ^ H, defined on the ball B^g := {u G Li | ||t>|| < rg}, by 

Hv) = ^\\v\\^-G[v)+R[v) (3.1) 


where pi G (0, +oo) and 

• (Bl) G G G\E,R) is positively homogeneous of degree g + 1 with g > 1, i.e. G{Xv) = A'^+^G(u) 
VA G R+, and DG : F ^ F* is compact; 

• {H2) R G G^{Brg,'R.) and DR : B^g V* is compact; 

• (US) R(0) = 0 and 3a > 0 such that |iAi?(w)[u]| < a ||u||'^+^, Vv G Brg. 


By the compactness of DG : V ^ V*, G maps the unit sphere S into a bounded subset of R (indeed 
G(v) = fg DG(sv)[v]ds and DG{B) is bounded in V*). It follows that the functional U : A\{0} R 
defined by 


U{v) 


G{v) 

lull'S+i’ 


which satisfies U{Xv) = U{v), Vw G i3\{0}, VA G R+, is bounded. We shall assume the further condition 


m := sup U(v) > 0. 

veE\{o} 


(3.2) 


The following lemma, quite standard, ensures that U attains its maximum on S. 


Lemma 3.1 Kq := {u G S' | G{v) = m} = {v G S \ U(v) = m} is not empty and compact. 

Proof. Since DG{B) is compact, V(5 > 0 there is a finite dimensional subspace Fs of E such that 

VuGH V/iGF/ \DG{v)[h]\ < S\\h\\. 

As a result, calling Ps the orthogonal projection onto Fs, we obtain for u G H 

\G{v) — G{Psv)\ < f \DG{{1 — s)Psv + sv)[v — Psv]\ds < f i5||u — ds < i5||u — < 5. 

Jo Jo 




One can derive from this property that G\b is continuous for the weak topology in E. Indeed G\b is 
the uniform limit, as i5 ^ 0, of G o and each function G o Ps is continuous in the weak topology 
since Ps is a linear compact operator. Since B, the unit ball of E, is compact for the weak topology, 
G attains its maximum on B at some point vq € B. We have G{vo) = m > 0, so that vq ^ 0, and 
U{vo) = > TO. Hence, by the definition of to, U{vo) = m and vg G S, i.e. vg G Eg. 

To prove that Eg is compact, consider a sequence (vk) with Vk G Eg for all k. Since (vk) is bounded, 
we may assume that (up to a subsequence) (vk) converges to some v G E for the weak topology. For all 
k, Vk G B hence, since B is closed for the weak topology, v G B. Moreover, since G\b is continuous for 
the weak topology, G{v) = to. By the same argument as above, we get that ||'(;|| = 1. Hence (vk) v 
and (||ffe||) ^ ||i^|| and we can conclude that (vk) v strongly. ■ 

The main result of this section -which will allow us in the next section to get our multiplicity results- 
is the following Proposition. 


Proposition 3.1 Assume that the functional G G^(G, R) satisfies {HI), {H2), {H3) and (S.i). There 
exists a small positive constant Gg, depending only on q, such that, if 


— < Cg and 

TO 


(-) 

\m/ 


< Ggrg, 


functional $ has a critical point v G ® critical level 


c = 


q-l 


\{q + 1 TO/ L Vto/ 


{q + 1 )to 


,TO/J 


Moreover 


V = 


-V 'y with dist(j/,iFo) < /i(— ) 

\m[q -b 1)/ Vto/ 


(3.3) 

(3.4) 

(3.5) 


for some function h, depending only on G, which satisfies lims^o h{s) = 0. 


Remark 3.1 The key difference with the approach of 10 / is the following: instead of trying to show 
that the functional (/r/2)||u|p — G{v) possesses non-degenerate critical points (if ever true), and then 
continuing them through the Implicit Function Theorem as critical points of <i>, we find critical points 
of $ showing that the nonlinear perturbation term R does not affect the mountain pass geometry of the 
functional {fj./2)\\v\\‘^ — G{v). Actually, in non degenerate critical points of G constrained on S are 
continued. This is equivalent to what said before since any critical point v of G constrained to S gives 
rise, by homogeneity, to a critical point {p-/{q + l)G{v))^^‘^~^v G V of the functional (/i/2)||?;|p — G{v). 


The remainder of this section is devoted to the proof of Proposition 3.1. 
constant 6 := [2{q -b 1)]^/'^“^. Assuming that 


Let us define the positive 



it results that the rescaled functional (p 


T{y) 


1 , 

r{q + l)m\^ 

( ^ ] 

{q -b 1 )to ' 

\ ) V 

V (y -b 1)771^ 


1 / 9-1 \ 

y) 


(3.6) 


(3.7) 


is well defined on an open neighborhood of Bs. We shall also assume that 


77(0, to ) := 


{q -b 1 )to 


< Vi- 


(3.8) 


and (3.8) stem from (3.3) if Gg is chosen appropriately. We shall prove that, for r]i small enough, 
if has a critical point y on a critical level d such that 


(1 + 0{v{a, to ))) 


( 3 . 9 ) 
















and 


dist{y,Ko) < h(—) 
\m/ 


(3.10) 


for some function h such that ^(s) = 0. (|3.9|) and (3.10) imply resp. (3.4) and (p.5|) since, by 

H \ 1 / 9-1 


the definition of tp, v 
y, \9+l/9-l 
{q + l)m/ 


( 


[q + l)m 
. We can write 


\ 

J y will then be a critical point of at level c = d{q + l)m 


‘Piv) = 


IMI 


G{y) 


S{y), 


2 {q + l)m 

where, by the properties of R, 

yy G Bs, \DS{y)[y]\ < r){a, m)\\y\\'^+^ < r)i\\y\\‘^+^. 
As a consequence, since S{y) = dsDS(sy)ly], 

i5(y)i<^%^iMri<^iMri. 


g + i 


9+1 


(3.11) 


(3.12) 


(3.13) 


We need the following technical lemma: 


Lemma 3.2 Let W be some (small) neighborhood o/O in R. There are constants > 0 such that, 

Va G [1/2,1], V 0 < ^ < Ce,y 0 < rj < Cq, for all function r : [0, 5] ^ R with suptg[o.< 5 ] ^ 

the mapfa,r ■ [0, <5] —> R defined by fa,r{t) '■= {t^l‘2) — a{t‘^^^/q + 1) + r{t), satisfies 


tG[0,(5]\W, \f(^^{t)\<y^\t-a ^\<C7i^ + v), 


and 


inf 

t&[0,S]\W,\f'At}\<r,' 


/I 1 \/1\2/9-1 

/„(*)> -CM + n). 


9+1 


(3.14) 

(3.15) 


Proof. Consider first the function fa{t) := possesses outside W a unique zero ta := a i-i 

at the level 






fai^a) = 1 ~ 9 < 0, and there are ^ > 0, > 0 such that, Vo G [1/2,1], 

ytG[ta-i^,ta + v] /"(t)<-z//2 and Wt G [0, S]\(W U [ta - v,ta + ty]) |//(t)|>P. (3.16) 

Choose Ce > 0 such that 2Ce < v. If supjgjQ , 5 ] |r(t)| + |r'(t)| < £, < Cq and | // ,.(t )| < y < Cq for some 
t ^ W, then \ f((t) \ < f + y < v and therefore, by the second inequality in ( [3.16 ), t G [ta — v,ta + v\. 
Moreover by ( 3.16 ) agai n, |// (/)! > {v/2)\t — ta\ for t G [ta — v,ta + v], and hence \t — ta\ < 2(^ + y)/v, 
which proves estimate ( [3.14 ). Finally, by the Ta ylor f ormula fa{t) = fa{ta) + 0{{f + y)^), so that 
fa,r{t) = fa{ta) + 0{f) + 0{ff + y)'^) and estimate ( 3.15 ) follows straightforwardly. ■ 


Let us define the open set 


A := {u G MW I U{v)>^}, 


the min-max class of path 

r = jy G C([0,1], AU {0}) 7 ( 0 ) = 0, || 7 (s)|| < 5, || 7 ( 1 )||= 5 | 

and the “restricted-to-A” mountain pass level of (p 


d := inf max p("f(s)). 
7erse[o.i] 






















Before proving that d is a critical level for ip, we shall check that, provided rji has been chosen small 
enough, it satisfies (p^). For y G Sa ■= S D A we define fy : [0, <5] ^ R by fy{t) = p{ty). By (3.11) we 
have 




fyit) = 77 - 


U{y)t<i+^ 


2 {q + l)m 


ryit), 


where, by ( p.l3[ ) and ( 3.12 ), 


\ry{t)\ = \s{ty)\ < and \r'y{t)\ < 77 ( 0 ,m)t«. 


(3.17) 


(3.18) 


We first prove an upper bound for d. For yo belonging to Kq we clearly have d < maxtg[o_5] /yo(t) and 
hence, from (3.17) and (3.IS), 


d < max 


f jq+l ^ (I _ 

££[o,(5]\2 q 1 / Q 1 \2 q 1 / ^H-1 


For the lower bound, we observe that there is a small neighborhood VF of 0 in R such that Vy G Sa and 
Vt G W, fy[t) > 0, whereas, by the choice of (5 = [2(9+1)]^/'?“^ and provided 771 is small enough, fy{S) < 0. 
By the continuity of Dp, this implies that V7 e F there is s G [0,1] such that Z?(/5(7(s))[7(s)] = 0, 7(5) 7^ 0. 
As a consequence. 


^2 i'J+i 

d > inf fy(t) > inf — — --— + r„(t) 

yeS'A./^(t)=0,iG[0.5]\w " yeSA./^(t)=o.tG[o,5]\iv 2 [q+l) 


and the desired lower bound follows by (3.18) and lemma 3.2. 

In order to complete the proof of Proposition 3.1, we need the following 


Lemma 3.3 There exists a sequence {yk), Vk & An Bg such that either p{yk) d and Dp{yk) —*■ 0, or 
AVk) d and U{yk) 777/2 and Dp{yk)[yk] 0. 


Proof. Arguing by contradiction, assume that no sequence (yk) satisfies the above properties. Then 
there exists ly > 0 such that, for aW. v G An Bg, 


\p{v) — d\ <v 


\\Dp(v)\\ > V 


(3.19) 


and 


\p{v)-d\ + U{v)- — 


< V 


|Z3<p(7;)[u]| > V . 


(3.20) 


||I1(/5(7;)|| > v} ^ E such that 
{X is called a pseudo gradient 


There exists a locally Lipschitz-continuous map X : A,^ := {v G A n Bg 
||Ar(7;)|| < 2||L>(/3(7;)|| and Dp{v)[X{v)] > ||Il75(w)|p > for all v G A,j 
field for 175; for a proof of existence, see for example @). 

Let J : R —> [0,1] be a smooth function such that J{s) = 0 if |s| > vj^l and J(s) = 1 if |s| < 7//4. 

Let (3i and (i 2 < 5 be s u ch th at Mv G A with ||7;|| < A or ||7;|| > (32, p{v) < d — v. P 2 does exists 
because Vt/ G Sa, by ( 3.17 )-( 3.18 ), p{Sy) < (<5^/2) — /2{q + 1))+ 0{r]{a,m)S‘^~^^) = (—(1/2)+ 

0(77(0,777))) < 0, by the choice of <5 provided 771 is small enough. Let K : R ^ [0,1] be smooth and 
satisfy K{s) = 0 if |s| < /3i/4 or |s| > {(32 + <5)^/4 and K{s) = 1 if Pi < |s| < /3|. We define 

Y{v) = K{\\v\\^)J{p{v) -d) - (1 - j{u{v) - - j{yiT) - y) (^‘P(v)[v]) v 


The vectorfield Y is well defined on A' := A U Bp^ and vanishes everywhere in R731/2 and outside Bg. 
It is locally Lipschitz continuous. Moreover it is bounded, and it is easy to see that its flow 4>r{v) is 
defined, for all time r, in A (notice that in a neighbourhood of dA, Y(v) G Rv, so that the flow leaves 
I7(v) invariant, and one does not reach dA); r is the unique solution of {d/dr)pr{v) = Y{pr{v)) 

with poiv) = V. We observe also that if 7 G F then jr defined by 7r(s) = prilis)) belongs to F for all r 
because pr{y) = y for ||?/|| < Pi/2 and Ht/H > 6. 























Note that if J{(p{v) — d) ^ 0 then — d\ < vj^. In that case, either \U{v) — m/2\ < vj^ and then 

by ( 3.20| ) > v, or |C/('c) — m/2| > vj^ and then Y{v) = — K{WvW^)J{ip{v) — d)X{v). In both 

cases, by (3.19) and the properties of X{v), 


D(p{v)[Y{v)] < — K{\\v\\'^)J{(p{v) — d)^^ < 0. 


(3.21) 


Now, if |</3(r') — d| < J^/4 the n J{i p{v) — d) = 1 and by the definition of /3i,/32, /3i < ||'c|| < /32, so that 
^(IklP) = 1- Therefore, by (3.21), for all n G A' n B^, 


\‘P{(l>r{v)) -d\< 


dr 


V{(t>r{v)) < 


(3.22) 


Pick some 7 G P which satisfies maXg^jQ^ (/?(7(s)) < d + ^/4. By ( 3.22| ), < 

d — j^/4, which contradicts the definition of d. ■ 

We can now prove that d is a critical level. Let yk be the sequence given by lemmaIf Dip{yk)[yk] 

0 and U{yk) m/2 then, writing yk = tkZk with Zk G S, we have lim^/( life) = 0 and U{zk) m/2 
(ll^fcll > Po > 0 since ^{yk) d > 0). Therefore in this case, by (3.17), ( ^.1^ ) and lemma |^, if ryi is 
small enough, 

liminfvj(j/fe) > -+ 0(771) > d 

k \2 0 + 1 / 


by estimate ( |3.9| ). It follows that Dtplyk) —>■ 0 and it is standard to prove (by the compactness properties 
of DG and DS) that, up to a subsequence, {yk) converges strongly to a critical point 7/ of + on the level 
d (Palais Smale property, see e.g. |Q). Note that, since ip{yk)tod and yk € A, yk € for all k so that 
y G Bs. 


Let us now prove the last claim of Proposition 3.1, Writing y = tz with z G S and f).{t) = 0, by 
lemma 3.2 we get 


TTt) {-^S" ' “ + D). 


0+1/VG(z). 

and hence, by the upper estimate on d, G{z) = m + 0(77(0, m)). Moreover by ( t3.14| ) we have 

/ Tfl \ ^ ^ 

^^VG(^/ +0(77(0,777)) = 1 + 0(77(0,777)). 

Hence dist(7/,iGo) + g{C?,ri{a,m)) + Csr]{a,m) for some positive constant Os, where 


g{s) := sup dist(7;, IGo)) 1™ d(s) = 0- 

v£S^G{v)>m — s s—^0+ 


The last claim of Proposition 3.1 follows with h{s) = g{Css) + CgS. 


4 Applications to nonlinear wave equations 

In this se ctio n we prove existence and multiplicity results of periodic solutions for the nonlinear wave 
equation (IM) satisfying (FI). Precise informations on their minimal periods will be also given. 

We start with some preliminary lemmas. 

Lemma 4.1 Let m : —7 R 6e locally integrable and 2 tt- periodic w.r.t. both variables. Then 

p27T p7T 1 p27r /*27r 


nZTT pTT ^ pZTT n 

/ / m{t x,t — x) dt dx = — / 

Jo Jo 2 Jq Jq 


m{si, S 2 ) dsi ds 2 . 
























Proof. Using new variables (s 2 , x) = {t — x, x) and the periodicity of m, we get 


p27T pTT pTZ p2TT pTT 

/ / m{t + x,t — x) dt dx = / / m{s 2 + 2x, S 2 ) dx ds 2 = / ds 2 / to(s2 + 2 a;, S2) dx. 

Jo Jo Jo Jo Jo Jo 


By the periodicity of m, setting si := S 2 + 2x, we get 


nTT ^ i'2'K 

/ m{s 2 + S 2 ) dx = - rn{sijS 2 ) dsi, 

Jo ^ Jo 


which yields the result. 


Lemma 4.2 If v G V then € W. 

Proof. Writing v(t, x) = r]{t + x) — r]{t — x) G V we get VM(t, x) = q{t + a;) — q{t — x) G V, 


x)u{t, x) dx dt = 


10 Jo 


10 Jo 


si) - 


2p 


ilisi) - 9 ( 32 )) dsi ds 2 = 0, 


because (si,S 2 ) 1 -^ {v{si) — 9 (s 2 ))^^( 9 (si) — 9 (^ 2 )) is an odd function. This implies that G W. ■ 

We now apply the arguments of Proposition to functionals $ of the form (|3.l| ) defined on the 
Hilbert space V endowed with the norm. 


Lemma 4.3 Assume that $ G C^{Brg,^) satisfies the hypotheses of Proposition 3.1 and furthermore 
that Vn > 2 and \/v G V for which G{Cnv) > 0, 


G{Cnv) < n'?+^G(u). 


(4.1) 


Then, there is a constant Gg < Gq depending only on G such that, provided alm< Gg and < 

Ggro, the critical point v of Proposition 3.1 has minimal period (w.r.t. t) 27r. 

Proof. By Proposition 3.1 we know that v = {yi/m{p+ \)Y/P~^y with dist{y,Ko) < h{a/m) and 
lims^o d(s) =0 {h depending on G only). The lemma is proved once we show that > 2, VnC] Kg = ^, 
i.e. any z G Kg has minimal period 27r. Indeed, if this is true, since Kg is compact, there exists ^ > 0 
such that any y G V with dist( 2 /, i^Tp) < f has minimal period 27r. Hence for a/m small enough so that 
h{a/m) < the critical point v has minimal period 27r. 

For z{t, x) = r]{t + x) — r]{t — x) G V we have 


p2TZ pTZ -I p'ZTZ p'ZTT 

/ / {y'{t + x) - r]'{t - x)f dt dx = - I / {y'{si) - y'{s 2 )f dsi ds 2 

Jo Jo ^ Jo Jo 


277 /*27r 


1 

2L 


0 ^0 

277 


27r / 'n'{s\Y ds\ — 2 / 'q'{s\) dsi / t]'{ 32 ) (is 2 + 27r / "q'{ 32 )^ d32 


/o 


^277 

27r / ij'is)'^ ds. 

Jo 


Hence ||Un 2 :|P = 27r n^rj'fnsY ds = n^||z|p, because 77 is 27r-periodic. As a consequence (for z 0), 


U{Cuz) = 


G{CnZ) 


G{C„z) 


< U{z), 


,|£„z||9+i nP+i||z||9+i 

by ( 0 . Hence for all v G 14i\{0}, n > 2, U(y) < max^gy^jo} U{z) = m and therefore VnC] Kg = 0. 
The next lemma provides a suitable approximation for the functional 4>e defined in (2.17). 










Lemma 4.4 The functional 4>e : T>p —> R defined in (2.1'}} can he developed as 




with 


.aWH = o(iHi- + !^). 


DR 


Proof. We have, since Af{v)L ^Ilwf'iv)v = Af'{v)vL ^Ilwfiv), 


DRujp{v)[v] = 


In 


In 


In 


fA + f'{v)L~Awf{v) - f{v + w{v)) 
f{v) + f'{v)w{v) - f{v + w(v)) 
L^Awfiv) - w{v) f\v)v 


n 


(L-i - LZ^)Ilwf{v) f'{v)v 


o(kir'K^)li=)+o(-KIHS)+o( 


(£^ + 7)kl5’ ^ 


r 

o{^\v\l^-^ + + o[^\v\lp) + o(2^H3p-i) = o(^^\v\lP + 


0 


AJ-^ 


by lemmas formula ( 2.12| ) and because |u|£ < p. M 

Critical points of the restriction of <&£ to the subspace Vn C V are critical points of $£. 

Lemma 4.5 A critical point of $E|y„ : W C Dp —s- R is a critical point o/ $£ : P —> R. 

Proof. We know that = 0, Vft. € W and we want to prove that D^g{vn)[h] = 0, V/i G 

VA n V. By (2.19) it is sufficient to prove that V/i G H V 


nTT p2'7T 

dx dt f{v{t,x) + w{v){t,x))h{t,x) = 0. 

Jo Jo 


This holds true because, by lemma 2.3-*u), f{v{t, x) + w{v)(t, x)) is 27r/n periodic w.r.t t and t hft, x) G 
VA n V does not contain any harmonic with a frequency multiple of n. ■ 

Let us define <l>e,n : {u G P | jCnV G Dp} ^ R by 


:= ^eAnV)- 


By lemma 4.5, if u is a critical point of (of minimal period 27r), then := CnV is a critical point 
of $£ (of minimal period 27r/n). Hence, by lemma 2.4, u = Vn + w{vn) is a solution of (H and it has 
minimal period with respect to time 2 TTfn. 

In the sequel we shall use the norm 


■■=\Cn 


= b^l 




(4.2) 


Note that if |£n^| < 1, which we shall always assume in the sequel, then \v\uj^n < C|kll- As a consequence 
there is po > 0 such that R := {u G P | ||'c||^“^/7 < Po} is included in the domain of definition of ^e,n- 


Now we must distinguish between different cases depending whether the first term in the Taylor 
expansion of of the nonlinearity f{u) at 0 is an odd power of u (like e.g. f{u) = aA + h.o.t.) or an even 
power of u (like e.g. f{u) = aA + h.o.t.). We consider first the easiest case of an odd dominant power 
for f{u). 

























4.1 Case I: p odd 


In this case, by lemma 4.4, the reduced action functional <i>e defined in ( |2.17| ) can be written in the form 
(|3.1D with 


fi = e = 


co^-1 


G{v) := a [ 
JQ. 


yP+l 

P+1’ 


pi 


(4.3) 


(G is homogeneous of degree p + 1) and 

R{v) f f{v)L-^Uwf{v) - ( (^(«) “ 

2 7n do ^ p+1/ 


satisfies 

|i?i?(u)H| < G(|u|r3 ^ £|^|2 p ^ ^ (4 4) 

In fact f f(v)v — = 0(|u|2,+^) since, by lemma [4.2|, f = 0. Moreover f f'(v)vL~^nwf(v) = 

0 {\f'iv)v\L2\f{v)\L2) = 0{\v\lP) = Oi\v\P+^) since p > 3. 

If a > 0, the functional G(-) defined in ( |4.3D is positive (p + 1 is even) and then condition (^^) is 
verified. On the contrary, if a < 0, we will look for critical points of —<i>e and we will take £ < 0, i.e. 
w < 1. For definiteness we will assume in the sequel that a > 0 and so £ > 0. 

We can easily prove that 


Lemma 4.6 DG : V —>■ V* and DR -.V ^ V* are compact maps. 

Proof. Let ||ufe|| be bounded. Then, up to a subsequence, Vk ^ v G V weakly in and Vk ^ v in 
I • loo- Moreover since Wk ■= w{vk) too is bounded we can also assume that Wk ^ w weakly in and 
Wk ^ w in \ ■ \li norm for all q < oo. Since DG{v)[h] = av^h, it follows easily that DG{vk) DG{v) 
in V*. We claim that DR{vk) —> R where R[h] = J^fiv + w)h — alJPh = DR{v)[h]. Indeed, since 
Wk ^ u? in I • II-!) it converges (up to a subsequence) also a.e. We can deduce, by the Lebesgue dominated 
convergence theorem, that f{vk + Wk) f{v + w) in since f{vk+Wk) f(v + w) a.e. and {f{vk+Wk)) 
is bounded in L°°. Hence, since DR{vk)[h] = f{vk + Wk)h — av^h, DR{vk) ^ R. M 

G{v) is nonnegative for all u S P and it is easy to see that 


G{£n{v)) = G{v), Vu e P, n G N. 


(4.5) 


Hence 


sn 


^e,niv) := $e(£„u) = ^||u|P - G{v) + i?„('u), \/v G V 


where Rn{v) := R{Cnv). Of course DRn (as DR) is compact. Moreover, by (f4.4| ) and (|4.2| ) 


|Z4i?„(u)H| = \DR{Cr.v)[Cr.v]\ < g{\v\p+^ + < G(||u|r3 ^ £||^||2 p ^ 

^ ^ ^ ^ (4.6) 

We want to apply Proposition 3.1 in order to get the existence, for ui sufficiently close to 1, of a critical 
point of 4)£,„. With the notations of Proposition 3.1, we set 


;||3P- 


ro = 


1 /£n^\i/p-i 
Co 


It is clear that 5^.^, C D provided ev? is small. _ 

Moreover, if ev? is small enough, the hypotheses of Proposition t3.l| are satisfied by ^e,n- In fact 
the first condition in (|3.3|) is satisfied, because, by (^), 




2s 

















(here q = p and /i = en?). The second condition in (3.3) is trivially satisfied by the choice of tq. 

Let us define, for w G W := U.y>obL 7 , Ju '■= maxjy | cu € W^}. By (|4.5|), condition (4.1) is satisfied. 
As a conclusion, using Proposition and lemma |4.3| we obtain the following result (we obtain pairs of 
solutions because is even; if u(t,x) is a solution of 0 then so is u{t + tt, tt — x) ) 

Theorem 4.1 Let f satisfy {FI) for an odd integer p > 3. Then there exists a positive eonstant Cio := 
C'io(/) such that, Vw G W and\/n G N\{0} satisfying 


\uj — lln^ 


< Cio 


(4.7) 


and uj > 1 if a > 0 (resp. u; < 1 if a <0), equation 0 possesses at least one pair of even periodic (in 
time) classical solutions of minimal period 27r/(na;). 

The regularity of the solutions Un is proved in section ^ By condition ( ^4.7|) we can find N^, « 0{'juj( 
^/\uj — 1|) periodic solutions of (0) with period 2Trfuj. For a discussion on the optimality of the estimate 

(4.7) see remark 4.5. 


Remark 4.1 The unique small amplitude 27r periodic in time solution of (O is the equilibrium solution 
u = 0. Indeed it must be a critical point of the functional 4)o(u) = {a/p + 1) / + R{v). Using & 

we see that its unique critical point is v = 0. 


4.2 Case II: p even 


The case in which / satisfies (FI) for some even p is more difficult to deal with since, by lemma 4.2, 
= 0, Vw G T. Then one must look more carefully for the dominant nonlinear term in the reduced 
functional <i)g. We must distinguish different cases. Let / satisfy (FI) for some even p and 

• (A^l) f^‘^\0) = bd\ ^ 0 for some odd integer d < 2p — 1 and f^^\0) = 0 for any odd integer r < d] 

• {N2) /^’’^(O) = 0 for any odd integer r < 2p — 1; 

• {N3) /^’’^(O) = 0 for any odd integer r <2p — 1 and =: b{2p — 1)! ^ 0. 

If (A^l) holds the dominant term in the reduced functional is supplied by the odd nonlinearity bu^^ 

in the Taylor expansion of / at 0 and then one reduces immediately to the situation discussed in the 

previous subsection. The following Theorem holds 

Theorem 4.2 Let f satisfy (FI) with p even and (Nl). Then there exists a positive constant Cn := 
Cii{f) such that, Vw G W and\/n G N\{0} satisfying 


(|u;-l|n2)(P-i)/(‘i-i) 


<Ci 


(4.8) 


and u) > \ ifb>0 (resp. uj<l if b<0), equation (1.1) possesses at least one pair of even periodic (in 
time) classical solutions of minimal period 2 t:/{ nuj). 

Proof. In this case the reduced functional can be written in the form Q with p. = £, G{v) := 
{b/d + 1) where b := /(‘^)(0)/d!, and by lemma 44 ( since = 0) 


\DR{v)[v]\ < C(|u 


d+3 


H —\v 
7 


|2p 


+ 




As before G > 0 and G{Cnv) = G{v). Applying the same arguments as in the previous subsection, with 
q = d,ro = (l/Co)(|e|n2/m)^/'^“\ and 


a = O 


I ro H-ro 

V o- 


2p-l-d 


ro 


3p-2-d, 


1 














we obtain that condition (4.8) ensures that C T) and that conditions (3.3) hold, which implies the 
existence of a pair of critical points of ^e,n (observe that 2 p — 1 — d> 2). ■ 

When (A^l) is not satisfied the situation is more delicate. We shall first consider the case in which 
{N2) holds. We can write, since = v^, 


with 


\ f f(.v)L ^Uwfiv) =-G{v)+r{v), 
j r2 

G{v) =-%- f v^L~^v^ and Dr{v)[v] = 0{\v\'^'^'^) 
2 Jn 


(4.9) 


(recall that /(p+^)( 0) = 0 by (iV2)). Hence, by lemma we have — $e(u) = (—e/2)||u|p — G{v) + R{v), 
with 

DR{v)[v] = 0(^\v\lP+^ + ^\v\lP + (4.10) 

DG, DR : V ^ V* are still compact operators and now G is homogeneous of degree q + 1 := 2p. 

A difficulty arises for proving that G satisfies (0)- The following lemmas will enable to get a suitable 
expression of G{v). 

Lemma 4.7 Let w{t, x) G W be of the form w{t, x) = m{t + x, t — a;) for some m : ^ R 2'K-periodie 

with respeet to both variables. Then there exists fh, a 2 — tt periodic such that m can be decomposed as 


«T-(si, S 2 ) = m(si, S 2 ) + a(si) + 0 ( 52 ) + a, 
where a G R (a= (m)), (a) = 0, ( 771 ) 5 ^( 52 ) = 0, (m)s 2 (si) = 0. Moreover 


(4.11) 


pTT ^ nZ'K nZTT pZlZ 

/ / L~^{w)w dt dx = —- / / M{si^ S 2 )di{si, S 2 ) dsi ds 2 ^TT / M{s^s)a{s) ds 

Jo Jo 2 Jo Jo Jo 

p'2'k p‘2'k 

+ 27ra / M{s,s) ds — Sir / A(s)^ ds— 

Jo Jo 


a^TT^ 


where M and A are the 211-periodic functions defined by 

A'(s) = ia(s), (A) = 0, dsids^M{si,S 2 ) = ^fh{si,S 2 ), (M)si(s 2 ) = 0, {M)s^isi)=0. (4.12) 

Proof. The proof is in the Appendix. ■ 

Lemma 4.8 Let m : R^ —s- R &e 2TT-periodic with respect to both variables and such that w{t,x) = 
m{tx,t — x) G W. For n G N define {£nw){t,x) := m{n{tx),n{t — x)). Then 


p2TT pTZ ^4 ^ . pZTT pTZ ^4 . 

/ / L~^(Cnw)CnW dx dt = - o? ^—-( / / wL~^wdxdt-\ -a^). (4-13) 

Jo Jo Q Jo Jo 6 / 

Proof. Wehave Cnw{t,x) = m„(< + x, t —x), with to„(si, S 2 ) '■= m(nsi,ns 2 ). Using the decomposition 
given in the latter lemma, we can write mn{si, S2) = m„(si, S2) + a„(si)-l-a„(s2) + a, where := m(n ■) 
and On '■= a(n •). Therefore (using the abbreviation Wn := £nw) 


277 /*7r 


^277 l*TT ^ ^277 ^277 ^277 

/ / L~^{Wn)Wn dx dt = -- / Mn{si,S2)fhn{si,S2) dSi dS 2 -\- 27 T Mn{s,s)an{s) 

Jo Jo ^ Jo Jo Jo 

p2tt p27t ^2^4 

+ 27 ra / MMs, s) ds — Sn / AMs)^ ds -, 

Jo Jo 6 


ds 


where M„(si, S 2 ) := M{nsi,ns 2 )/n'^ and A„(s) := A(ns)/n. iH) follows straightforwardly. ■ 









Lemma 4.7 allows to obtain a handable expression for G{v) = —{a? 12) f v^L when p = 2. For 
v{t, x) = ri{t + x) — ri{t — x) G V we have x) = m{t + cc, t — x) G W with m(si, S 2 ) = (vi^i) — ^(52))^- 


We can then decompose m as in (4.11) with a = 2(77^), a(s) = r]^{s) — {rf) and to(si, S2) = —277(51)77(52). 


Let us call Pi, resp. P 2 , the primitive of 77, resp. rf — (77^), of zero mean-value. The functions A,M 


defined in (4.12) are ^(5) := P2(5)/4 and M(si,52) = —Pi(si)Pi(52)/2. Hence, by lemma 4.7 we obtain 
the following expression for G{v) = —(a^/2) J v^L~^v^ : 


r 


G{v) = —yTT Pi{s) (77(5) +(77 


ds 


TT 
2 , 


^2(5)^ ds + -—(77 


2\2 


(4.14) 


From (4.14) we see that 


Vu G V, G{v) > 0 and 0 < G{Cnv) < G{v), Vn > 2. 


(4.15) 


In general we can prove that 

Lemma 4.9 For any even p, G{v) := —(a^/2) is non negative. 

Proof. Writing v^it, x) = m{t + x,t — x) with 7n(si, 52) = (77(51) — 77(52))^, we claim that G 

— (l/8)M(t -I- X, t — x) -I- H, where 


M(5i,52):= [ d^ dv, (4.16) 

J Ra^,32 

and i?si,s2 := {(Cj 7^) S I 5i < ^ < 52 -f 27r, S 2 < v < 5i}. In fact 

/*S2+27r ns-]_ 

ds^M{si,S 2 )= / m{^,si)d^- m{si,v) dv. 

J Si J S2 

Hence, since 777(51,52) = (77(51) — 77(52))^ with even p, and 77 is 27r-periodic, 


= 777(52 + 277 , 5 i) -I- 777(51, 52) = 2777(51,52). 


Moreover, by the definition of M, M{si,si) = M{si, 5i — 27r) = 0 and M(5i + 27r, 52 -I- 27r) = M(5i, 52) 
for all (51,52) S R^, so that (t, x) 1-^ M{t + x,t — x) G X. Hence L[M{t + x,t — x)] = —4(9s2 9sjM)(f -I- 
x,t — x) = —8vP{t,x) and our claim follows. From ([4.16|) we see that M is non negative and as a result 
-a^ / L-\vP)vP = (aV8) / MyP > 0. ■ 

We do not know whe ther (iH) still holds true for G{v) = —( a^/2) J vPP ^yP, p > 4. In a ny case, we 
can deduce from lemmathat Gn{v) := G{Cnv) satisfies (|4.l|) for 77 > 2. Indeed, by ( 4.13| ), 


G„(7;) =G(£„7;) = ^ 






77^ 12 

with a := (l/27r^) JqvP. Hence, since G{v) > 0, 'dn,m > 2, for all v G H\{0}, 


(4.17) 


— G{/lrnn'^) — 


g(^) 

(nm)^ 


2 4 2 

a^TT^a 


V 77777 r/ 


12 


77777)^ 


< 


G{v) 


2 4 2 

a^TT^a 


12 


< m^PGn{v). (4.18) 


We may write for v{t, x) = p{t + x) — ri{t — x) G V 


^£,71(77) — 


—£77 


\v\\^ - Gn{v) + Rn{v), 


where Gn(v) = G{Cnv), Rniv) = R{Cnv) satisfies, by (4.10), 


DRn{v)[v] = DR{Cnv)[Cnv] = o(^||7;| 


2p+2 + l||^||2p, 


| 3 p-l 


)■ 


(4.19) 


























We shall consider frequencies w < 1 so that — e > 0. By ( 4.18D , for n > 2, Gn{v) satisfies il- For 
(|e|n ^)^/^/7 small enough we shall apply Proposition 3.1 and lemma to ——> R as before, 
with q = 2p — 1, ^ = —en'^, 


ro = 


u 


e\n^ \i/(2p-2) 


0 ''rn 


(G„)J 


and 


= O 


+ H + r!!!d) 

\ 'y ^ / 


Note that m{Gn) —*■ m{G) as n ^ +oo, where G{v) := (a^7r"‘/12)(wP)^ = (a^/48)(f v^}^, and the 
sequence (m{Gn)) is bounded from below by a positive constant. We derive the following Theorem, 
where the condition rQ ~^/7 small, i.e. small, is required. 

Theorem 4.3 Assume that f satisfies (F"l) and {N2). Then there is a constant G 12 depending only on 
f such that, Vtu G W, tu < 1, Vn > 2 such that 


(Iw — 


< Gi2 


(4.20) 


equation (1.1) possesses at least one pair of even periodic (in time) classical solutions of minimal 
period 2TTf{nuj). If p = 2 the existence result holds true for n = 1 as well. 


Remark 4.2 We think that the restriction n > 2 in the case p f^2 even is of purely technical nature. 
Finally we consider the case in which {N3) holds. We first assume that b < 0. We have 


—£ , 


where 


-^,(v) = ^\\v\f-Giv)+Riv), 


G{v) := — 7 ^ / ~ ^ > 0 

Jn 2 Jq 


(4.21) 


for all w 0 and R{v) satisfies estimate ( 4.10 ). Moreover, defining Gn{v) := G{Cnv), we still have 
GniUmv) < mfPGn{v) for all n,m > 2 and u yf 0. For e < 0 and |e|n ^/7 small enough we obtain the 
same existence result as in Theorem 4.3. 


Now assume that 6 > 0. As a consequence of lemma 4.8 we have 

\m\\^ + |w|^2 


J CnWL ^{CnW) =+ o(j 




) = -^w 


O 




(4.22) 


By ( |4.22D , we may write for v(t, x) = p{t + x) — r]{t — x) G V 


en 


= —Ikll -G{v)+Rn{v), 


with 


‘h!/’ - =i/x. ^(/x. 


and 


DR, 


,(u)H = DR{Cnv)[Cnv] + = 0(1 


|2p+2 


|2p , 


;|| 3 p 


{r]{si) - p{s 2 )Y 

IMP" 


). (4.23) 


We are no longer able to prove that the condition of lemma 4.1 is satisfied by G defined in ( 4.21 ) or by 
—G. That is why we introduce G. Clearly G{Cnv) = G{v) for all z; G P and n G N\{0}. We have to 
specify the sign of G{v). We need to introduce 

k{p) := sup ( [ vA ( [ = sup ( f ivisi)-r){s2)Y) (2 f (??(si)-??(s2))^^) ■ 





















We can prove that k{p) = Indeed, using that ry is odd, we get 

p/2 


p/2 


f ivisi) - 'n{s2)Y dsi ds2 = ^ Cp^ f ds f rf da Cp^ x 27r / rj^ ds, 

JTxT JT JT ^,^0 JT 

by Holder inequality. Hence 

/ (’ 7 ('Si) “ v{s 2)T dsi ds2 < 2^77 [ rf ds. 

JTxT Jt 

Now, by Cauchy-Schwarz inequality, for all 0 < k < p, 

( L’^y ‘ - It”""It’'"”"'’- 


Hence 


P 

[ ivisi) - v{s 2 )f^ ds, ds 2 = ds ( ds > 2^^-^ ( / Ty^)'. 

J ^_L' X 'J-' ^ Q J *J-' «/ *J.' J 'X' 

As a result we obtain k{p) < tt^. Choosing for ry H^-approximations of the 27r-periodic function that 
takes value —1 on (—tt, 0] and value 1 on (0, tt], we obtain the converse inequality. Hence k{p) = tt^. Note 
also that 


inf 

i;GV"\{0} \Jq 


YiM 


= 0 . 


In fact, for all 5 > 0 there is an odd smooth 27r-periodic rjs such that rjf’ = 1 and rjl'^ < 5 for 
1 < q < p. One can see easily that for v(t,x) = ps{t + a;) — r]s{t — x), < j3(d) with 

lim5^o/3(<5) = 0. 

If 6 > pKljj/a?/21 = p7r^a^/24 then for all v G V, G{v) > 0 and G ^ 0. In this case we obtain an 
existence result for w > 1. 

If 0 < 6 < pK(p)a^/24 = p7r^a^/24 then there is ui € 14 such that G(vi) < 0 and there is U2 S 14 such 
that G{v 2 ) > 0. In this case we obtain an existence result both for a; < 1 and a> > 1. 

In both cases we apply the same arguments as before, for (|e|n^)^/^/7 small and n large enough, with 
q = 2 p-l, p= |e|n2, 


ro = 


1 / jejn^ \i/(2p-2) 




Gq ^m{±G) 


J 


and a = Ol H-h 

V 7 


?'o 


p-i 


m{—G) appears only in the second case when a> < 1. As a conclusion we have 

Theorem 4.4 Assume that f satisfies (FI) and {N3). Define J C R as J — (0,1) ifb<0, J = (1,2) 
'if b > pif^af /21 and J = (0,1) U (1, 2) if 0 < b < pir'^af /2A. Then there is a constant G13 and an integer 
Nq > 1 depending only on f (with Nq = 2 if b < 0 and p > i, Nq = 1 if b < 0 and p = 2) such that, 
Vw S W n J, Vn > A^o such that 

< C.3 (4.24) 


equation (1.1) possesses at least one pair of even periodic (in time) classical G^ solutions of minimal 
period 2 t 7j{nuj). 

In the next remarks we specify the norms and the energies of the solutions obtained in Theorems 


y|, 

Remark 4.3 It is readily seen by the choice of rg in the different cases and the fact that \Cnv\uj = 
0(||w||) = 0{rg), for \e\n^ < 1, that the critical points Ve,n of 4)e that we obtain satisfy \ve,n\uj = 
with q = p if p is odd and q = d in case {Nl), q = 2p — 1 in cases {N2)-{N3), if p is 


even. 













Remark 4.4 Letu^j^n ■= Un be the sequence of solutions (uuj^n has minimal period ^'KjnLu) obtained from 
the above Theorems. Let := /q /2 + (Mtj,n)^/2 +-F(u) dx be the energy ofu^j^n- It is possible 

to prove, using Proposition the following estimates: 


Iffi = n 


/ \oj — l\n'^ \ / 


(|w- l|n2)(P-i)/(9-i) 


(4.25) 


f — 


^ / Iw — l|n^ N 2/(9-1) 


-( 

2n\ 


(l +52( 


(Iw - 


)) 


-.m„{q + l)J \ ^ \ 7^ 

where q = p if p is odd, q = d if p is even and d < 2p—l is the smallest order of the odd terms, q = 2p—l 
if p is even and there is no odd term of order < 2p — 1 and 5i(s) = 0/ Wn := fniGn) = m if 

p is odd and irin = to + 0(1 jn^) if p is even, where to > 0 depends only on f. In the case when the 
smallest order of the odd terms is2p—l and 0 < b < pif^df I2\, we have two sequences of solutions which 
correspond to two (possibly) different values ofm. 

We finally discuss the optimality of the estimate on the number of solutions that we find. 


Remark 4.5 By conditions Ij) , ^■^) , ^-21 ), ( 4.24 ) i n Th eorems 4.1 


L 4-4 we can find W; 


0('if,l— 1|) with 1 < T < 2, periodic solutions of (lO) with period 27:10). They have decreasing 
minimal periods 27:juj,!:jiv,... ,27:jand increasing energies in n, see remark 4^. We expect the 
estimate on the number N^j of solutions found, with small \ ■ /^ui, to be optimal since we could have 


performed a finite dimensional Lyapunov-Schmidt reduction u := vn + w with vn := cosjtsinjx 


and N‘^\u) — 1| = 0(7aj). Indeed, in lemma 2.8, the “small denominators” are \u)'^P ~ j^| > 7^; j, 
and for j = I > N are \ufiP ~ P\ = ~ l|j^ > (|w — 1\/2)N'^ = 0{'~fuj)- In this way we reduce to study 

a even functional like 4>e on a finite dimensional space of dimension N « 0('jujf \/\u> — 1|)- In general 
the best estimate regarding the number of its critical points is N. 


5 Regularity 


In order to complete the proof of Theorems 4.1, 4.2, 4.3, 4.4 we now prove that the weak solutions 
actually are classical C^(Lt) solutions of equation (1.1). 

Define the norm 




|m|oo + \\u\\m + |e| \\u\\h^ + 11^11^3. 


It is easy to see, arguing as in lemma and using the Sobolev continuous embedding 11^(11) C lT^’°°(n) 
that 

|/(«)U.3 < C|U|^,3. (5.1) 

The following lemma holds: 

Lemma 5.1 If u G X D (LI) then w := Lf^Ilwn cos(lf)s\n.(jx), where wij :=uij/ 

(loH'^ - f), satisfies \wij\'^(l^ f) < (Ci 4 /'y)‘^\\u\\')j 3 ■ In particular w G II^(Ll), ||u;||ff3 = 

0(||u||//3)/7 and Wxx(t,0) = Wxx(t,7:) = 0. Moreover w G C‘^(Ll). 

Proof. We point out that u G H^(Ll) does not imply that X]i>o j>i i® finite (it is right only if 

also Uxx(t, 0) = Uxx(t, tt) = 0; in general we have only ||w||^3 < C'X];>o j>i + J®))- However it is 

true that = 0(\dtttu\l2) = Cl(||u||^3)- Now 


E »t(''+7)= E 


kb I" 


(uj'^P — j2)2 


(P+f)=Sl+S2 


(5.2) 




























where 




\uijr 


j'>2L0l 


{iu^p-py 


P^+f) and ^ 2 := ^ 


\uij\" 


j<2uil,j^l 


{uj'^P — p) 


ra®+/)- 


If j > 2ujl then \u}'^P ~ j^l ^ 3j^/4, hence 


s. s E p(i 


2«?. ^ , f 


j'>2u)l 


{2u;f 


< XI = 0(|M^|i2) = 0(||u||^i). 

j>2ujl 


Since \uj^P — p\ > 7/2 for all j 7 ^ I and uj < 3/2 we have 






p + (3Z)®) < ^\uttt\'i2 < —||m||^3. 


-I 
v2 I 


l<j<2Ljl 


l<j<2ujl 


By (U) and (U) we get Pijl^P+f) < {Chf\\u\ 

Now we prove that 


2 

m- 


which implies that w G We have 


X Ph-IO^+f)= X 


Wij\ 


where 


sp= E 






1^2/2 _ f 


.{P+P) = S[ + S!, 


loj^P - p 


■P+P) and Sp.= X 


Wij\ 


j'>2Ljl ' ' j<.2ujl,jp^l 

For j > 2uil, |a;2/2 — p\ > 3p/A and I < //2a; < j, hence 

s{<c Y. \up<c(^ X ppp+ffy^\ X ^ 


1^2/2 _ f 


■p+f)- 


j>2ojl 1>0J>1 

|2/72 I •2\2 _ nn\n.\\2 




p+pr 


Note that J2i>o j>i j) = ^HWWh'^)- We claim that 

s; < V c , l“f\„ < + 00 ^ 

Indeed we know that 


X PiPT^'^ < +00- 

j<2ujl 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


y^\c'\\u\\H^. (5.7) 


(5.8) 


(5.9) 


As in the proof of (6.2) in lemma 2.2, (5.9) implies that S 2 is finite. By and (5.6), (5.7) and ( |5.8| ) we get 
5.51). The lemma is proved. ■ 


By lemma 5.1 < C/ 7 . Hence, by (5.1), the map Gv ■ W ^ W, defined in the proof of 

lemma 2.3 by Gv{w) := L~^Uwf(v + w), satisfies (if v,w G H^{Gl)) 


|0«(w)k,3 < + ^£, 3 ): 


(5.10) 


where C is some positive constant. Define 6 := [ 7 /( 2 C)]^/(^ and assume that < S. Then by 

( |5.10| ), Gv{Bj) C Bj, where 


Bj:= jw G WnH^p) 


|wU,3 < S 


>}■ 


























As a result, if |'y |(^,3 < S then Wk '■= 0^(0) € Bj for all k > 1. It follows that (wk) converges weakly in 
H^{n) to some w G Bj. 

Now, recall that w{v) is the unique fixed point of Qy in a small ball around 0 for the norm | • in 
W and that, by the Contraction Mapping Principle, w{v) is the limit of (wk)- Hence w{v) = w and 


w{v) G By formula (5.1) and lemma 5.1 we derive from the above considerations that if < <5 

then w(v) G and v + w{v) G (7^(11) (because V n C (7^(11)). 

There remains to check that when condition (4.7) or ( |4.8| ) or ( 4.20| ) or (4.24) is satisfied (according 


to the different cases) the critical points Vs^n of 4)e that we have obtained in section]^ satisfy 3 ^ < 


7 /(2(7). Since the critical points v := Ve,n of <&£, obtained in Theorems [4.l| , |4.2| , |4.3| , satisfy Vu = v^x, 
2evtt = Bvf{v + w{v)), 


= 


o(^||ny/(r; + w{i 


= o(-||/(i; + w(w))||), ||u||//2 = o(^-\f{v+ w{v))\L2y 

Therefore by lemmas |2.l| and p.2\ 

kU.3 = + \f{v + w{v))\u,'j = o(^\v\^ + = 0(|?^U) (5.11) 


because v G Vp. Hence, by remark |T^, |r^|^^ 3^/7 < 1/2(7 provided the constants (7io, (7ii, ( 7 i 2 , ( 7 i 3 have 
been chosen small enough. 


6 Appendix 

Proof of lemma |2T| . By standard results, if u G L°° (7 i7^(T x ( 0 , 7 r)), then f{u) G B^(T x (0, tt)) 
and (f(u))x = f'{u)ux, (/(u))t = f'{u)ut. We get 

\{f{u))x\L^ = ( f \{fiu))x\y"^" = ( f \f{u)f\uxfy < \f{u)U\u\\H^ < (6.1) 

for \ u\aa small enough. An analogous estimate holds for \{f{u))t\L‘^. Since |/(m)| < C\u\^, we obtain 

&■ 

We now prove that u —> f{u) is C^{X,X). It is easy to show that it is Gateaux differentiable 
and that DQf{u)[h] = f'{u)h. Moreover with estimates similar as before we have that u Dcfin) 
is continuous. Hence the Nemitski operator u f{u) is in C^{X,X) and its Frechet diff erential is 
h Df{u)[h] = DGf{u)[h] = f'{u)h. Estimate (|2.5D can be obtained in the same way as (^). ■ 


Proof of lemma |2.2| . Writing w{t, x) = J2i>o j>i j^i '^ 1,3 cos{lt) sin(jx) G A we have that 


L^^w{t,x)= ^ 


Wl 




{ujI - j){ujl + j) 


— cos{lt) sin(ja;). 


Since uj G W^, it is clear that ||L^^r(;|| = ( 7 (||r(;||/ 7 ). 


We now prove that for all w G IT 


E 


WL: 




\ujI - j\{ujl + j) 


< c{ | w | l 2 + — —— \\w\\m 


Note that (6.2) implies 


\LJw\oo < S < c(^\w\l2 + ■ 


--l|l/ 2 , 




( 6 . 2 ) 


(6.3) 


For I G N, let e{l) G N be defined by |e(Z) — ujI\ = mim^jv^ \j — ujl\. Since w is not rational, e{l) is the 
only integer e such that |e — ujl\ < 1/2. Let us define 


5i = 


E 


\WI,3 


l>0,j>l,3^l,3^e{l) 


\ujl - j\{ujl + j) 























and 


^2= E 




e(i)l 


l>0,e{l)^l 


\ujI — e{l)\{ujl + e{l)) 


For j ^ e{l) we have that 


1 ^^ - j| > 


\j-e{l)\ 


and tf Z + j > 


\j-e{l)\ + l 


(6.4) 


Indeed, for j ^ e{l) we have that \j — ujl\ > \j — e{l)\ — \e{l) — ujl\ > \j — e(l)\ — 1/2 > \j — e{l)\/2. 
Moreover, since \e{l) — ujl\ < 1/2, it is easy to see (remember that w > 1/2) that e{l) +1 < Acol and hence 
\j — e{l)\ + I < j + e{l) + I < 4(j + ujl). Defining wij by wij = 0 if j < 0 or j = Z, we get from ( |6.4D 


5i< E 


8 |wij 


|j-e(0|(|j-e(0|+0' 


Hence, by the Cauchy-Schwarz inequality. Si < 8 i?i|u>|L 2 , where 

1 1 


Rl= E 


= E 


^ E 


. _^,Aj-eii)ri\j-eii)\ + ir ^ ^ 3H\j\ + ir- ^ ^ pa+ir 


< 00 . 


In order to find an upper bound for S 2 , we observe that if I < 1/(21^ — 1|) then \ujI — ^| < 1/2 and then 
e(/) = 1. Hence we can write 


^2 = 


E 






\ujl — e{l)\{u!l + e{l))' 


By the properties of tu G Hty, for I ^ e{l), \ujI — e{l)\\Lul + e{l)\ > j{ujl + e{l))l ^ > 7 . Hence, still by the 
Cauchy-Schwarz inequality, 

'S '2 < - E ki,e(Ol - 

where 

Rl= E 

1>1/2\lo-1\ 

The estimates \LAw\uj < (C'/ 7 )|w|,^ Vic G W and \LA^wu\i^ < {C^/"f)\u\i^ Vu G X are an immediate 
consequence of the bound of ||L“^w|| and (6.3), since IHwmIlj ^ and ||nwM|| < ||m|| For the 

estimate oi\LAw\L'^ (w G IF), we use the decomposition \LAw\A — A ^21 where 


SG= E 


w 


IJ 


{uji - j)^{uji + jy 


S' := 


E 


i.e (0 


2 - ^ {ujl-e{l)y{Lul + e{l)y 


Recall that if I < l/2|a; — 1| then e{l) = 1. Arguing as before it is obvious that S'( < ClwlA- We have 


^2 < 


E 


^ 4(u; - 1)^ 


l>l/2\uj-l\,e(l)^l 


T 


r 


E 


= O 


l>l/2\u-l\,e{l)=^l 


(Eikiiffi) 

= o(^Hl) 

\ "Y / 

\ J 


which yields estimate ( p.l4 ). We now prove ( p.l^l ). Writing r{t, x) = X)i>o j>i cos{lt) sm{jx), s{t, x) = 
Si> 0 , j>i ^i,j cos{lt) sin(ja;) we get 


Aws = E .zE -2 cos(/t) sin(ja;). 


^-'s = E 




3^1 


ui'^P — p 


— cos{lt) sin(ja;) 






















and 


S := r{L^^ — L ^){Y\ws) dt dx = 


SL-jrii er 


39^1 


(COH^ - P)(12 _ j2) 


= n^iSi + S 2 ), 


where 


^r:= E 


sijnj ef 


j^l,j^e{l) 


{iul - j){ujl + j){l - j){l + j)' 


S 2 := E 




l^e(l) 


{col - e(/))M + e{l))(l - e{l)){l + e{l))' 


For j ^ e{l) and j I we have that \loI — j\ > \j — e{l )\/2 > 1/2 hence \{loI — j){col + j){l — j){l + /)| > 
(l/2)a;/^. We obtain 

l^il < |E= o(§klL2|sU.) = oglrUlsU). 

39^1 

As before, for co G Wy and I ^ e{l), we have \u}l — e{l)\ > ^/l and so \{u3l — e{l)){ijol + e{l)){l — e{l)){l + e{l)\ > 
jl. Moreover I ^ e{l) implies I > l/(2|w — 1|). Hence 


|^2|<C'- E Ke(olKe(Z)l^^=o(-|M|^i|k|Ul). 


Estimate ( 2.121) follows straightforwardly from the above estimates of Si and 82 - Finally ( ^.13 ) is an 
immediate consequence of (2.12) since, for all (r, s) G X x A, 


[ rL ^(Hivs) = 0(|r|i2|s|i2) = 0(|r|c^|s|a;). 

Jn 


Proof of lemma It is sufficient to show that the operator Q : W ^ W defined by G{w) := 
Lpllw fiv + w) is a contraction on a ball Bs C W for some 6 if |u|2,“^/7 is small enough. Since, by 
lemma [ 2 ^, ||Lj^nw|U ^ C's/b and by (^), we have that, for all w € Bs 


\G{w)\^ < ^\f{v+w)\^ < ^\v + w\P < + 5 ) < +5^^ 


. c, 

7 


(6.5) 


for some C > 0. Moreover by lemma 2.1 the operator G is differentiable and DG{w)[h] = Lpilwif {v ■ 
w)h). Hence by (3.3), 


\DG{w)[h]\u; < —\f'{v + w)h\^ < —\v + wZ ^\h\uj < —^ ^)\h\ 

^ 7 7 \ / 


( 6 . 6 ) 


for some C > 0. Let us choose S := |u|aj and p := (4max((7, C)) For v G Vp, {C/"f){\v\P^ + 5p) < 5/2 
and (C'/ 7 )(|u|^“^ + Sp~^) < 1/2. Hence G maps Bs into the closed ball Bs /2 and is a contraction on Bs- 
By the Contraction Mapping Theorem there is a unique w{v) in Bs such that G{w{v)) = w{v). We have 


oc 

\w{v)\^ = \G{w{v))\^<—\v\P 
7 


(6.7) 


by (6.5) and the choice of <5. Moreover 

|u;(u)|z,2 = \L-^nwf{v + w{v))\l 2 < c(l + ^j \f{v + w)\^ < c(l + |u|p , 

















by (2.14) and (6.7). In addition 


’(w{v) - Ljnwfiv)'^ 


< 

< 

< 


[ r LjUw{f{v + w{v))-f(v)) 

Jn 

Ci{l + l/(^ + w{v)) - f{v)\^\r 

c(i + ^)(kirV(^)U)ku 

^ \ 7/ 


V?J VU, 


by ( 2.13 ) and the bound on |w(i')|a; given in & This proves ii). 

In order to prove iii), let us call X : X X the linear operator defined by Tu(t, x) = u(t + tt, tt — x). 
It is easy to see that 2 and Lj^IIvk commute. Hence, since —v = lu, 


wiu) = L^^Uwfiv+ w{v)) => Iw{v) = + w{v)) = L^'^Hwfi-v +Iw{v)). 


This implies, by the uniqueness of the solution of w = L~^Ilw f {—v + w) in the ball of radius |u|(^, that 
w{v){t + TT, TT — a;) = w{—v){t, x). 

For iv), we remark that if u S Vn, then w(y) is the unique solution in an appropriate ball of the 
equation G{w) = w, where the map G satisfies G{Wn) C IF„ (IF„ is the closed subspace of W containing 
w gW which are 27r/n periodic in time). Since G^{0) w{v) in W, this implies that w{v) S W„. 

Finally, the map (v,w) G(v;w) := w — L~^Ilwf(v + w) is of class and its differential with 
respect to w is invertible at any point (v, w(v)) by lemma |2.l| and the previous bounds. As a consequence 
of the Implicit Function Theorem the map v w(v) is in C^(Vp, W). ■ 

Proof of lemma O- We define a, ai, 02, to by a = (to), 

ai{si) := {m{si,-)-a)s2 = ^ J m{si, S2)-a ds2, 02 ( 52 ) := (to(-, S2)-a)si = ^ J m{si, S2)-a dsi 

and to(si, 52 ):= to(si, S 2 ) —ai(si) — 02 ( 52 ) —a. It is straightforward to check that (oj = 0, (to)s 2 (si) =0, 
(to)sj(s 2 ) = 0. We have to prove that oi = 02 - Since w G VF, for all p odd and 27r periodic. 


[ w{t,x){p{t + x) - p{t - x)) dt dx = \ [ m{si,S 2 ){p{si) - p{s 2 )) dsi ds 2 = 0- 

J 2 


By the definition of ai , we obtain that for all p odd and 27r-periodic 


/ (01(5) - 02 ( 5 ))p( 5 ) ds = 0 . 

Jt 

Therefore oi — 02 is even. Now w{t,x) = w{—t,x) for all t G T and for all x G [0,7r], and this implies 
that to(— 52, —5i) = to(5i, 52 ). As a consequence 02 ( 5 ) = oi(— 5 ), so that oi — 02 is odd. Since oi — 02 is 
both odd and even, oi = 02 . 

We now turn to the expression of / wL~^{w). Let us define /3i, 7, on [0, 27r]^ by 

/3i(si,52) := -M{si,S 2) + l{M{si,Si) + M{s2,S2)), 

P2{si,S2) ■■= (51 - 52 )(A( 5 i) - A(s2)), 

Q 

/ 33 ( 5 i, 52 ) := --(51 - 52 )( 27 r - (51 - S2)), 

and Bi,B 2 ,B 3 on [0, 27r] x [0, tt] by Bi{t,x) := f3i{t x,t — x). As an immediate consequence of its 
definition, Bi is 27r-periodic w.r.t. t and for x G {0,7r}, Bi{t,x) = 0. Hence Bi G X. Moreover 
-ds^ds^Pi = (l/4)Aj, where 

Ai(5i,52) := to(si,52), A 2 (5i, 52 ) := a(5i) + a(s 2 ), A3(5i, 52) := a. 










This implies that [—( 9 t)^ + {dxY\Bi = Li where we have defined Li(t, x) := Xi{t + x,t — x). As a result 
Bi + B2 + B3 G L~^w + V and 

/ w{t,x)L~^{w){t,x) dt dx = / {Bi + B2 + B3){t,x){Li + L2 + Ls){t,x) dt dx. 

J [0,27r] X [0,7r] J [0,27r] X [0,7r] 

We observe that, since Bi vanishes for a; = 0 and x = tt, for all i, j, 

J' BiLj dt dx — J' Bi^(^Bj^ii (^Bj^xx^ dt dx — J" (^Bi^a (^Bi^xx^Bj dt dx — J' LiBj dt dx. 


Hence 


We have 


wL = 


BiLi + 2 / B1L2 + 2 / -B1L3 + / B2L2 + 2 / -B2T3 + / B3L3. 


' [ 0 , 271 -] X [ 0 , 71 -] 


[ BiLi = \ [ {-M{si,S 2 ) + lrM{si,Si) + l-M{s 2 ,S 2 ))m{si,S 2 ) dsi ds 2 = - 1 ; [ M{si,S 2 )m{si,S 2 ) dsi ds 2 
J 2 2 2 2 Jt ^2 


because (m)s. = 0. 

J B 1 L 2 = ^ (-M(si,S 2 ) + ^M{si,si) + ^M{s 2 ,S 2 ))ia{si) + 0 ( 52 )) dsi ds 2 = n J^M{s, s)a{s) ds 

because (M)^; = 0 and (a) = 0. 

J B1L3 = ^ (^ - M{si, S2) + ]^M{si, Si) + ]^M{s 2,S2)^ = -na J^M{s,s) ds 

because (M) = 0. 

J B 2 L 2 ~ J J + x) — A(t — x)^ ^a(t + x) + a(t — x)^ dt dx 

= J dx 8 x J (^A{t + x) — A{t — x)'j (^A'{t + x) + A'{t — x)^ dt 

, o d \iAlt + x) — Ait — x)Y .nl „ . , , , , 

= dx 8 x — --- A{t — x)^ + 2A{t + x)A {t — x) dt 

Jo Jo dt I 2 J 

pTT n’Z'K pTT p‘2'K 

= dx 16x / A{t + x)A' {t — x) dt= dx 16x / A(s)A'(s —2x) ds 
Jo Jo Jo Jo 

/■2’r /■27r -,x=0 

= ds A(s) / 16xA'(s — 2x) dx= ds A(s) 8xA(s — 2x) 

Jo Jo do L J x=7i- 

p2TT 

= —Stt / A(s)^ ds. 

Jo 

In the fore-last line, we have integrated by parts (w.r.t. x) and used the fact that (A) = 0. 

/ pTT p2T^ 

B 2 L 3 = a dx2x {A{t -j- x) — A{t — x)) dt = 0, 

Jo Jo 

still because (A) = 0. At last 


nTT 

B 3 L 3 ~ ~'g J J 2x(27r — 2x) dt dx = — 


a^TT^ 


Summing up, we get (4.12). ■ 









References 


[1] A. Ambrosetti, M. Badiale, Homoclinics: Poincare-Melnikov type results via a variational approach, 
Annales I. H. P. - Analyse nonlin., vol. 15, n.2, pp. 233-252, 1998. 

[2] A. Ambrosetti, V. Coti-Zelati, I. Ekeland, Symmetry breaking in Hamiltonian systems, Journ. Diff. 
Eq. 67, 165-184, 1987. 

[3] A. Ambrosetti, A. Malchiodi, A multiplicity result for the Yamabe problem on S'", J. Funct. Anal. 
168, 529-561, 1999. 

[4] A. Ambrosetti, G. Prodi, A primer of nonlinear analysis, Cambridge University Press, Cambridge, 
1993. 

[5] A. Ambrosetti, P. Rabinowitz: Dual Variational Methods in Critical Point Theory and Applications, 
Journ. Func. Anal, 14, 349-381, 1973. 

[6] D. Bambusi: Lyapunov Center Theorems for some nonlinear PDF’s: a simple proof, Ann. Sc. Norm. 
Sup. di Pisa, Ser. IV, vol. XXIX, fasc. 4, 2000. 

[7] D. Bambusi, S. Paleari, Families of periodic solutions of resonant PDF’s, J. Nonlinear Sci., 11, pp. 
69-87, 2001. 

[8] D. Bambusi, S. Paleari, Families of periodic orbits for some PDF’s in higher dimensions. Comm. 
Pure and Appl. Analysis, Vol. 1, n.4, 2002. 

[9] T. Bartsch, A generalization of the Weinstein-Moser Theorems on periodic orbits of a Hamiltonian 
system near an eguilibrium, Ann. Inst. Henri Poincare, Anal. Non Lineaire 14, No.6, 691-718, 1997. 

[10] M. Berti, A. Malchiodi, Multiplicity results and multibump solutions for the Yamabe problem on S" ”, 
J. Funct. Anal., 180, 1, 2001. 

[11] G.D. Birkhoof, D.C. Lewis, On the periodic motions near a given periodic motion of a dynamical 
system, Ann. Mat. 12, 117-133, 1933. 

[12] J. Bourgain, Construction of Quasi-Periodic solutions for Hamiltonian perturbations of linear egua- 
tions and applications to Nonlinear PDF, Int. Math. Res. Not, n.ll, 1994. 

[13] J. Bourgain, Construction of periodic solutions of nonlinear wave equations in higher dimension, 
Geom. and Func. Anal., vol. 5, n.4, 1995. 

[14] J. Bourgain, Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrodinger equa¬ 
tions, Ann. of Math., 148, 363-439, 1998. 

[15] H. Brezis, J. M. Coron, L. Nirenberg, Free vibrations for a non-linear wave equation and a Theorem 
of P. Rabinowitz, Comm. Pure and Appl. Math. 31, 1-30, 1978. 

[16] J. M. Coron, Periodic solutions of a Non-linear wave equation without assumption of monotonicity. 
Math. Ann. 262, 273-285, 1985. 

[17] W. Craig, E.Wayne, Newton’s method and periodic solutions of nonlinear wave equation, Comm. 
Pure and Appl. Math, vol. XLVI, 1409-1498, 1993. 

[18] L. DeSimon, G. Torelli, Soluzioni periodiche di equazioni alle derivate parziali di tipo iperbolico 
nonlineari. Rend. Sem. Mat. Univ. Padova, 40, 380-401, 1968. 

[19] E. R. Fadell, P. Rabinowitz, Generalized cohomological index theories for the group actions with an 
application to bifurcations question for Hamiltonian systems, Inv. Math. 45, 139-174, 1978. 



[20] S. B. Kuksin, Perturbation of conditionally periodic solutions of infinite-dimensional Hamiltonian 
systems, Izv. Akad. Nauk SSSR, Ser. Mat. 52, No.l, 41-63, 1988. 

[21] S. B. Kuksin, Analysis of Hamiltonian PDE’s Oxford Lecture Series in Mathematics and its Appli¬ 
cations. 19. Oxford University Press, 2000. 

[22] A. M. Lyapunov, Probleme general de la stahilite du mouvement, Ann. Sc. Fac. Toulouse, 2, 203-474, 
1907. 

[23] B. V. Lidskij, E. 1. Shulman, Periodic solutions of the equation Uu — Uxx -I- = 0, Fund. Anal. 

AppL, 22, 332-333, 1988. 

[24] J. Moser, Proof of a generalized form of a fixed point theorem due to G. D. Birkhoof, Geometry and 
Topology, Lectures Notes in Math. 597, 464-494, 1976. 

[25] J. Moser, Periodic orbits near an Equilibrium and a Theorem by Alan Weinstein, Comm, on Pure 
and Appl. Math., vol. XXIX, 1976. 

[26] H. Poincare, Les methodes nouvelles de la mecanique celeste, Paris, 1899. 

[27] P. Rabinowitz, Time periodic solutions of nonlinear wave equations, Manusc. Math. 5, 165-194, 1971. 

[28] P. Rabinowitz, Periodic solutions of nonlinear hyperbolic partial differential equations, Comm. Pure 
Appl. Math., 20, 145-205, 1967. 

[29] P. Rabinowitz, Free vibration of a seminilear wave equation, Comm, on Pure Appl. Math, 31, 31-68, 
1978. 

[30] M. Struwe, Variational methods. Applications to nonlinear Partial Differential Equations and Hamil¬ 
tonian Systems, Springer Verlag, 1990. 

[31] E. Wayne, Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory, Com- 
mun. Math. Phys. 127, No.3, 479-528, 1990. 


[32] A. Weinstein, Normal modes for Nonlinear Hamiltonian Systems, Inv. Math, 20, 47-57, 1973. 



